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Abstract 



Consider a discrete finite-dimensional, Markovian market model. In this setting, discretely sam- 
pled American options can be priced using the so-called "non-recombining" tree algorithm. By 
successively increasing the number of exercise times, the American option price itself can be com- 
puted; for combinatorial reasons, we shall consider a recursive algorithm that doubles the number 
of exercise times at each recursion step. First we prove, by elementary arguments, error bounds 
for the first order differences in this recursive algorithm. From this, bounds on the higher order 
differences can be obtained using combinatorial arguments that are motivated by the theory of 
rough paths. We shall obtain an explicit i 1 (C) convergence estimate for the recursive algorithm 
that prices a discretely sampled American max-put option (on a basket of size d) at each recur- 
sion step, C belonging to a certain class of compact subset of R d , in under the assumption of 
sufficiently small volatilities. In case d = 1, L 1 (C)-bounds for an even more natural choice of C 
will be derived. 



1 Introduction 



An American option is a derivative security on a number of assets which can be exercised at 
any time before maturity. In case the maturity is a finite number T, which we shall suppose 
throughout this paper, this option will be called "non-perpetual". If the set of possible exercise 
times is discrete, these options are also referred to as discretely sampled American (alternatively 
shorter: Bermudan) options. A holder of such an options will only exercise this option if the 
expected gain she can draw from holding on to the option falls short of what she would get from 
exercising the option in the current situation of the market. In this paper, we shall look at a pricing 
algorithm that is based on a market model that is sometimes referred to as a "non-recombining 
tree" (eg Glasserman [2J) or simply "lattice" (eg Kargin |6J). This numerical procedure differs from 
a Markov chain-Monte Carlo algorithm in that it is intrinsically deterministic (cf again Glasserman 
0), and has already been studied by Heath, Jarrow and Morton p]. The nodes and weights of 
this market model might, for example, be derived from a cubature formula for a Gaussian measure. 
This could be justified by regarding the discrete market model merely as an approximation of a 
time-continuous Black-Scholes model rather than taking the discrete market model as a model 
in its own right - which may be difficult to vindicate, given that for completeness the number of 
branches that leave from each node must equal the number of assets in the basket plus one (the 
bond). 



1.1 Motivating Bermudan option pricing based on cubature 

If the translation-invariant Markov chain of the market model is indeed derived from a cubature 
formula "with few points" for a symmetric measure, its set of increments will also be, whilst 
being "asymmetric" [TJ], highly regular. Therefore the - from a numerical perspective undesirable 
- attribute "non-recombining" in the term "non-recombining tree" will not be applicable any longer. 
To be more precise, one can note 

Remark 1. Suppose . . . , £ m } C M. d and {a±, . . . , a m } are the sets of cubature points and 
corresponding weights, respectively, from the cubature formula for the integration of degree 5 
polynomials with respect to a standard Gaussian measure of dimension d — 3k — 2 (for some 
arbitrary k E N) from Victoir's example ]11\ 5.1.1]. Consider r > and a,^i,T > 0. Then 
the pointwise recursion defined by 



Vfc g Nn 



Vt = g, 



T 



V (k -i)h(-) = m^\e- rh J2^V kh (-+^h + h 1 / 2 a-^,g(-)} (1) 



(provided T is an integer multiple of h> 0) will only have to apply the function g to a number 
of points in M d that grows polynomially in \ for h > 0. 

Proof. The cubature points of the cubature formulae referred to in the Theorem form a 
finite subset of tf3{0,±l} d . Sums of length j- (provided this fraction is an integer) of the 
cubature points are therefore always elements of v^3 (Z rf n {|-| < jr}) (and this set has only 
(2^) rf elements), and the points used in the recusion formula stated above are comprised of 
a subset of h 1 / 2 • ^3 (Z d n {|-| < ±}) + h ■ ft {0, . . . , ±} + Co- □ 

However, this is not the only recombination that can be accomplished in the case where 

d = 3k - 2 : 

Remark 2. Let, for the sake of simplicity, k — 3 and thus d = 7, and consider the cuba- 
ture formula of degree 5 for the Gaussian measure found by Victoir ]11\ Example 5.1.1], the 
cubature points being {xo} U \/3 ■ C R 7 (in Victoir's notation), where xq = G M 7 

and Xi is some seven-element subset of {0, l} 7 on which the group G3, which is the group 
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generated by the three reflections with respect to the fourth, sixth, and seventh coordi- 
nate axis (ie the group generated by the maps (xi,...,x 7 ) i— > {x\, . . . , Xs, — X4, X5, . . . , x 7 ), 
(xi,...,x 7 )i-> (xi,...,x 5 ,-x 6 ,x 7 ), and {x\,...,x 7 ) h-> (xi, . . . , x%, -x 7 )), acts. 

The recursion of Remark^ can be regarded formally as a tree where at each node exactly 
one branch leaves for each element of the set {0} U -\/3 • G3X1, G l d being the root of the 
tree 

In order to find and eliminate those branches of the tree that are computed "wastefully", 
one can divide the sums (of length \) of the cubature points by \[Z (whence one obtains a 
subset ofL ) and consider them coordinate-wise modulo 2. Then one is dealing with elements 
of the vector space (Z/2Z) d . The coordinate-wise projection of the -^-multiple of the set of 

cubature points {xo}U into the vector space (Z/2Z) 7 now contains only eight points 

(instead of 57 as before). 

Thus, using basic linear algebra in a 7 '-dimensional Z/2Z-vector space, we are easily able 
to classify the non-trivial zero representations from elements of the projected cubature points. 

Perceiving X% as a 1-element subset of (Z/2Z) 7 , we see that (x) xe x 1 is an invertible 
(Z/2Z) 7x7 -matrix. Therefore we cannot expect any recombination from representations of 
zero by nontrivial linear combinations of elements of X\ C (Z/2Z) 7 . Moreover, the fact 
that A := (x) xl zx 1 is invertible, shows that x$ — can only be written trivially as a sum of 
elements of X\. Hence we have shown that we exploit symmetries optimally if we use: (i) the 
commutativity of(R d ,+); (ii) the obvious symmetries due to the construction of the cubature 
formulae by means of the action of a reflection group on certain points; (Hi) the fact that 
addition of xq does nothing at all. 

Hence, in terms of complexity reduction, cubature based on the cubature points found by 
Victoir is clearly promising. 

1.2 Problem formulation and notation 

In order to introduce the underlying discrete market model, let us consider an arbitrary but fixed 
translation-invariant finite-state Markov chain P := (Pt) teI with state space R d (for d € N) 
where I = KNq for some real number h > 0, as well as a real number T £ hN>i C I (the 
time horizon, or maturity), a real number r > (the discount rate), a continuous function 
/ : R d — > [0, +00) that is monotone in each coordinate (defining the contingent claim as a 
function of the logarithmic prices of the assets in the basket), a nonnegative real number K > 
(the strike price), and let g : R d — > K be measurable. (Often we shall assume 

9 ■= K - J, 

such that g V is the payoff function for the corresponding put.) We will also define a family of 
maps B t :L° (R d , [0, +00)) -> L° (M d , [0, +00)), t G I, by 

Vt S I B t : / h+ max {e- rt P t f, g) = ( e - rt P t /) V g. 

(Note that B t f will always be nonnegative for / > - hence, for all / > 0, B t f > g V 0.) 
Furthermore, we shall denote by \ y[ , . . . ,y t \ the set of increments of the translation-invariant 

I rah J 

Markov chain (j/J , . . . , not necessarily mutually distinct) - and by \ a[ , . . . , a * } C (0, 1] 

rah L ^ rah J 

the set of the corresponding transition probabilities, implying in particular J2i=i — 1 f° r a " 
t E I. Hence 

t_ 

ra h 
i=l 

and 

( t/h \ 

{y[ t \---J^} = \J2y'£ ) ■ h,...,k,G{i,...,m}\. (2) 
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If there are N equidistant exercise times before maturity, then the expected payoff of the cor- 
responding Bermudan option with payoff function <?V0 for g = A' — / would be (Bt/n)° (ffVO), 
the motivation being that at each time-step the holder option will decide whether the expected 
gain from holding on to the option exceeds what she would get from exercising the option now. 
For an approximation of the American (rather than the Bermudan) price, one approach would be 
to choose a dyadic partition of [0, T] by choosing powers of 2 as our TV in the preceding expres- 
sion. This makes the sequence of functions ( (-B T . 2 -™)° 2 (.9 V 0)) pointwise monotonely 

increasing, and our aim in this paper is to establish error bounds and/or convergence estimates 
for this sequence. 

Before bringing the introduction to a close, let us set up notation. The Lebesgue measure 
on K shall be denoted by A, X d will be the Lebesgue measure on R d . The operators max and 
min when applied to subsets of R d will be understood to be taken componentwise. Analo- 
gously, we will interpret the relations < and > componentwise on R d . Thus, eg the assertion 

(maxfcg/i m\( z k)A > componentwise (for zi,...,z m G M. d ) will be written just 

V 3 J je{i,-,d} 

maxjfee{i,...,m} z k > 0. 

For convenience, we allow all L p -norms (including the L°° norm) of measurable functions to 
take values in the interval [0, +oo], thereby extending the domain for each of the L p -norm to L°, 
the vector lattice of measurable functions. Furthermore, any functions occurring in this paper 
will be assumed to be measurable. Thus, eg the relation f Q > fi should be read as shorthand for 
fo € L° (A d ) n {• > fi} for all functions /o, /i; analogously for the relation fo < fi- 

We will use the operation V in such a way that it is applied prior to +, but only after P s and 
multiplication with other functions or constants have taken place: 

C ■ Psh V h ■ fi + h = max {C ■ P s f , f 3 -fi} + h- 



1.3 Main results 

The main results of this paper are the following two L 1 estimates: 

Result 1 (Theorem EJ . Suppose d = 1 and f = exp, as well as g = K — f. Under these 
assumptions there is a 71 such that Ptf = 71*/ for every t G I, and let us suppose this 
71 € (0, e']. Assume furthermore y^' > componentwise for all i € {1, . . . , m}. Then there 
exists a real number D > such that for all N > M € N, s £ (0, T] n (2^ • /) and monotonely 
decreasing f > g V 0, one has 



(B s . 2 
< D-s 2 -2~ M 



< D-s 2 -2- M . 



^ _ 2~{ N - M - 



L 1 ({P h (gV0)>P h g}) 



D is computed explicitly in the statements of Lemma\%and Theorem^ 

Result 2 (Theorem QjJ . Suppose f = maXj e .n,...,d} ex P ((')i) an< ^ consider a compact set 
B such that B — QnK)j =1 C [— R, R] d . Assume that > for all i € {1, . . . , m} and 
G yyl^ '■ i G {1, . . . , m} |. If one now defines 



D 



(In 7l - r) D + rK + C ) R 



Ed 
.7=1 



vo 



(with Co and D as defined in Lemma\% and the 71 of Lemma YTty . then one has for all 

N > M G N, s G (0, T) n (2 N -I) and f>g\J{), 

(S,2-«) 0(2N) /-(S, 2 -m)° (2M) / 



L^{P h (gVO)>P h g}nr\ e (B-y l / } )) 



< D ■ S 2 ■ 2 



-M 



< D-s 2 ■ 2~ M 



1 _ 2 -(N-M-l) 

— * as M -> o 
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2 Monotonicity of the algorithm, bounds on first order 
differences, and the family E' 

First of all, we state the pointwise montonocity of approximate American option pricing based on 
dyadic partitions: 

Lemma 1. The sequence ( (Bt 2- ™)° 2 /) is pointwise monotonely increasing 

V /neN n{T-2— £/} 

for all functions f : M. d — > R. Furthermore, if there exists a function g > g V such that g is 
e~ r 'P.-harmonic (ie e~ r Phg = g) and f < g, then for all n e No, (-B T . 2 -n) / < g. 

Proof. Consider / : R d -> R and n £ N such that T ■ 2-(™ +1 ) el = hN . Then 

(i? T . 2 _ ( „ + 1) )° 2 " + 1 /= ((Bt.2-» +1 )° 2 )° 2 / 

and by the monotonicity of the operators P s for s £ I, 

(B T . 2 - n+1 )° 2 = e -^ ( " +1) P T . 2 _ ( „ +1) (e-^ ( " +1) P T . 2 - ( „ +1) (-)V. 9 ) V.9 

> e-^ 2 - ( " +1> P T . 2 - ( „ +1) (e-^ 2 - ( " +1) P T . 2 -<„ +1) (.)) V.9 

= e- rT - 2 ~"P T . 2 -n(-)Vg = B T . 2 -n, 

where the last line is a consequence of the Chapman-Kolmogorov equation. This completes 
the proof for the monotonicity of the sequence ( (B T . 2 -n)° 2 f) 

Now suppose there exists such a function g as in the statement of the Lemma. Then 
e~ rs P s g = g for all s S / and therefore B s g = g for all s £ I. Also, the map B s is monotone 
in the sense that go < gi always implies B s g < B s gi (because it is the composition of two 
monotone maps: e~ rs P s and • V g) for all s £ I. Thus we see that for all / < g, 



(B T . 2 - n ) o2 \f<(B T . 2 - n )° 2n g = g. 



□ 



Lemma 2. For all measurable functions fi > fo > g V 0, as well as for all t £ I ana 
p £ {1, 00} one has 



\\B t fl ~ -Bt/o|| LP ( A d) < e Wfl - /o|lLP(A d [{e-'' t P t / 1 > s }n-]) 

< e _rt ||/i - fo\\ LP (x«-) 

(with the usual convention that x < +00 for all x £ R U {±00} ). 

Proof. The map B t is monotone. Thus we have 

{B t h=g} = {B t fo < B t h = g} 

= {g v < B t fo < B t h = 9} = {Btfo = .9} n {Bth = 9} 
C {Bth- Btfo = 0} 

for /1 > /o > g V 0. Since i?t/i > 5, this implies 

0< Bth -Btfo = X{B tfl > g} (e- rt PthV g~e~ rt P t f V g) 
= X{B th>g} (e- rt Pth - e- rt P t fo V g) 
< X{e-r tPt f 1>g} {e- rt Pth - e~ rt Ptfo) 

= e ~ rt X{e-^P t f 1>g }Pt (fl - fo) 

which yields the assertion as Pt is an L p (A d )-contraction (for p = 00 this is immediate and for 
p = 1 it follows from the translation-invariance of both Pt and the Lebesgue measure) . □ 
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(s) 

Remark 3. Suppose for the moment that g is increasing. Whenever x > — mini y\ + z 
componentwise for some s E I and some z G R d such that g(z) > and g is monotonely 
increasing, then one will have that P s (gVO)(x) = P s g{x), thus {P s {g V 0) = P s g} is not only 
non-empty, but has even infinite Lebesgue measure (whereas this set is empty if P. is the 
semigroup of a diffusion and g can be any continuous function that is not Lebesgue- almost 
everywhere nonnegative) . 

A similar assertion holds for decreasing g: Consider any s G /. Whenever x < 
— maxi yf^ + z componentwise for some z G K d such that g(z) < and g, then one will 
again have that P s (g V 0)(x) — P s g(x), thus in this case also {P s (g V 0) = P s g} has infinite 
Lebesgue measure. 

Thus, the statement of the subsequent Lemma does not refer to a null set, let alone the empty 

set. 

Lemma 3. Assume that either 

1. g is monotonely decreasing (ie g(x) < g{y) whenever x > y componentwise for x, y G 
R d ), and 

2- y^ > (componentwise) for some k G {1, . . . , m} (which implies the existence of a 
y\ S ^ > componentwise for some i G {l, . . . , mi } for all s G I = hNo ), 

or both 

1. g is monotonely increasing, and 

2- y^ < (componentwise) for some k G {1, . . . , m}. 
In both situations, g is nonnegative on {P s {g V 0) = P s g} for all s G /. 
Proof. On the one hand 

{P s (gV0) = P s g} = {P a ( 5 A0) = 0} = {vie{l,...,m*} g (• + y^) > o} 

= n s {9(-+v?)>o}. 

ie{l,...,mft | 

Now, if y { k h) > 0, then < G \y\ s) : i G {l, . . . ,to*}| for all s G J, and if y^ ] < 0, 

then > G : i€ {l,...,m^}| for all s £ I. Thus if g is increasing and 

Vk^ < 0, or alternatively, g is decreasing and y^ > 0, then in both cases g > g (■ + j^y^^j 
and \y^ G ^yf 1 ■ i G |l, . . . , m^||, therefore 

{P s (g V 0) = P s g} = f| [g (• + y^) > o} 

ie|l,...,mt| 



> C {.9 > 0} . 



□ 



This upper bound on the set {Pt(g V 0) = P t g} (with respect to the partial order of inclusion), 
can be sharpened under certain conditions on the growth of /: 

Lemma 4. Suppose g = K — f and let there exist a 70 > 1 (without loss of generality, 
70 G [l,e r )) such that 

P/>7o7 
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for all t £ (0, T] PI I (which is equivalent to Phf > Jo f)- In addition, assume that g > 
on the subset {Pt(g V 0) = Ptg} ofM. d for all t £ (Q,T]D I (by Lemma\j^ this is satisfied in 
particular if y^ 1 > for some k £ {1, . . . , to} ). Then for all t £ (0, T] n I, 

{9>e- rt P t (gV0)} 2 m( 3 V0)=P,g} 

Proof. Let i € (0, T] fl i. Due to our assumption of 5 > on {Pt(<7 V 0) = Ptg}, one has 

{ff > e- rt P t (g V 0)} n {P t (g V 0) = P t g} 
= {g>e- rt P t g}n{P t (gV0)=P t g} 

= {g > 0} n { (id - e- rt p t ) g > 0} n {p( ff v o) = p. g } 

= {.9 > 0} n { (1 - e- rt ) if > (id - e- rt P t ) /} 

n{P t ( ff V0) = P t .g}. (3) 

On the other hand 

{ (1 - e- rt ) if > (id - e- rt P t ) /} = J (1 e- rt ) X > / - e- rt PJ 

[ >7o'/, 

2 {(l-e^if ^(l-e^V)/}, 

that is 

{(l-e- rt )K> (id- e - rt P t )/} 
1 - e- r * 
1 — e~ rt 7o* 



2 ^ - rt ^ g>/ 



where we have exploited 70 < e r . Now 70 £ [1, e r ) gives 

1 - e~ rt 

—-if > if 

1 — e~ rt 7o* 

since if > 0. Combining this estimate with the previous inclusion, one obtains 
{(1 - e- rt ) if > (id - e~ rt P t ) /"} D {if > /} 

and hence 

{5 > e- rt Pff} n {g > 0} = { (1 - e- rt ) if > (id - e^P t ) f} n {g > 0} = {g > 0}. 

This result, combined with equation (j^J, yields 

{g > e- rt P t (g V 0)} n {P t (g V 0) = P 3 } 
= {g>0}n{P t (gV0)=P t g}. 

However, one of our assumptions reads 

{Pt(gV0) = P t g}C{g>0} 

whence we conclude 

{g > e- rt P t (g V 0)} n {P t (g V 0) = P t g} 
= {P t ( 5 V0) = P ff }. 



□ 
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Remark 4. Both the assumption of the existence of a constant 70 < e r such that Ptf > 7o*/ 
for all t £ I , and the assumption of the existence of a constant 71 > such that Ptf < 71 '/ 
for all t £ I are natural: If (X t ) t6 / was a Markov process evolving according to (Pt)tei, the 
condition 

Vie/ P t f>e rt f 

simply means that the process f(X.) is, after discounting, a submartingale. Now, if X. 
was a Markovian model for a vector of logarithmic asset prices (a Markov basket in our 
terminology) and f would assign to each vector the arithmetic average of the exponentials of 
its components or the exponential maximum of the components ( which equals the maximum 
of the exponential components) this will certainly hold whenever P. governs the process X. 
under a risk-neutral measure. Furthermore, the assumption 

VteJ Ptf<e +rt f 

(which, being a consequence of the supermartingale property for e~ r "P.f(x) for all x, holds 
whenever P. is the semigroup of a Markov basket and f assigns to each vector the arith- 
metic average of the exponential components or the exponential minimum of the components) 
trivially implies 

371 > Vt £ I Ptf < 7i*/~ 

and therefore provides us with some economic vindication for assuming the existence of not 
only 70, but also 71. 

Now we turn to the derivation of an upper bound on the first order difference {B s /2)° 2 f—B 3 f. 
Lemma 5. Suppose g := K — f and let there exist a 71 > such that 

Ptf < 11*1 

for all t £ (0, T] n I (for which in our case of I = hNo with h > it is sufficient that this 
estimate holds for t = h), and let us assume without loss of generality that this 71 be > e r . 
Then, setting 

71* - 1 

R:=K- sup -ii , 

te(o,T]n/ t 

we have found an R < +00 such that for all s £ (0, T) fl (2 • 7) C / and measurable f > g V 0, 



(B,rf-B s f 



s 



< R- n 

L°°(R d ) 2 



Proof. Let s £ (0, T] fl (2 • I) C I and consider a measurable / > gVO. Then by our 
assumption of Ptf < 7i*/ for 71 > 0, we firstly have (inserting | for t) 

g - e-^P.g = K-f- e" r * {K - P f f) 
= K(l-e- r *)+e- r *Pif-f 
< K (1 -e- r i) + (e- r * 7 it - l) •/ 

and therefore (using / > g V and 71 > e r as well as the monotonicity of P» ) , 

- X {g>e-^Psf} ■{9-e- r ^P i g) 

< X{ g >o } -(K(l- e- r i) + {e- r i 7l i - l) • f) 
^ X{f<K} -(K(l- e- r i) + (e-^7i f - l) ■ K) 

< K .((l- e -f) + ( e -^ 7l f-l)) 

= A-. e - r *-(7i*-l) (4) 
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Now, 

sup < +00 

te(o,T]ru * 

since 1 1— » 71* — 1 is right-differentiable in zero with derivative In 71. Therefore 



7l* - 1 

R = K ■ sup < +00. 

te(o,T]ru t 



Via estimate 10} , we arrive at 



^{ 9 >e^P f /}(2- e ~ rfP ^)^4 

and - in combination with the linearity of P± and the Chapman-Kolmogorov equation - this 
implies 

e "" 4 n (x {s > e -. iPf/} (s-e-iP,/)) 
= e-'-iP, ((e- r *P f /) V 5) - e" rs P,/ 

hence by equation © 

* e "" fP f (x {g > e ^ P4/} (.9-e^P f /)) (6) 

> e^tp 4 (( e -fp f /)v ff )-e^ s P s /V.g (7) 

(where in we have exploited the fact that P= is an L°°-contraction). 

Now, again by the Chapman-Kolmogorov equation and the monotonicity of P t for any 
t e /, we have 

(P f )° 2 />P,/ 

and therefore (due to the estimate B t fo > g V which holds for arbitrary t € I and /o > 0) 
{(B,ff = 9} = {BJ < (B,r f = g) 

= {<?vo<p s /< (P f ) o2 / = . 9 } 
= {B s /^. 9 }n{(P i ) o2 / = 5} 

C {(P f )° 2 /-P s / = o} 

But 



But 



X 



(Bs)° 2 f>gV0>g, 



thus the last inclusion yields 



< (B,) o2 f-BJ 



'BsY'f-B s f) X 



e -ri ( Pf (e-fp./Vg) - ( e -"P./ V 9 )) X(( B j°> f > g } 



where the last line has used the estimate {JJ derived previously. □ 
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A bit further on, in Lemma El we will establish lower bounds for (B-l)° 2 f — B s f 
that are uniform in / > gVO and only linear in s. Therefore it is impossible to get from estimates 



on 



f-B.f 



to estimates on 



(B s2 -(k+i))° 2 f-{B s2 -k)° 2 f 

, o2 



in the 



vein of Lemma E| (where one uses estimates on (-B§) / — B s f that are of higher than linear 
order in s). 

We can draw from the proof of LemmaElthe following Corollary which can be used for instance 
to prove estimates on the difference (-B§) / — B s f with respect to the L°° {Pt{g V 0) > Ptg}- 
and L 1 {P t (g V 0) > P t g}-norms. 



Corollary 1. For 





g : R d -> R and all f > g V 0, 

{B,)° 2 f-B s f 
e-^Pz ((e- r «P|/) V g - e^P^f) X 



(P f )° 2 (gW0)-B s (gW0). 



Definition 1. 



Vie I E l = {P t ( 5 V0) > P t g} 
Remark 5 (Properties of E ). Let g = K — f. Then 



expressions for E l , t £ I , 



are: 



E* = {P t ( 3 V0)>P f5 } = C{P t ( 5 V0) = P t5 } 

= {P t ( 3 A0)<0} 

= {3te{i,...,m*} g(- + y'i t) ) < o} 
= U {*</(- + ,f)}- 



t6{l, 



i 77 } 



These formulae for E' imply, since f is monotonely increasing, that E l is north-east con- 
nected, ie E l C E t + a for all a < 0, for all tel. 

Assume now that one has for all j G {1, . . . , m} an index k — k(j) G {1, . . . , m} such 
that y^ — V^X\ > componentwise (this assumption is satisfied for instance if the set 

^y[ h \ ■ ■ ■ , 2/m^| can be written as the sum of a reflection symmetric subset of W 1 and a 

componentwise nonpositive vector). Then for any t € I and i G |l,...,rn~| there exists 

an index k = k(i) G |l, . . . , m%\ such that yf* — yf^ > componentwise. Therefore the 
north-east connectedness of the E l 's entails for all t G I and i, 



E* + y® C E*- y y+y^+yl 



(t) 



,(*) 



,(*) _ E t 



(t) 
»fc(») 



c 



u t {*</(■ + 

je{l,...,m%} 

u t {*</(■ 

Jo ,3is{i,...,to'R } 

u m {*</(•+ 

£g| l,...,m~H~ | 
P 2t 



,(*) 



(*) 



,(*) 



(0 



)} 
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where for the penultimate line we have used equation (2J, of course. Therefore 

Xe* (• - V®) = X E t +y w < Xe^. 
Also, if there exists an iq 6 {1, . . . , m} such that 

Vje{i,...,d} (2/i h) ).>o 

one /ias - due to the monotonicity of f in each coordinate - first of all f (■ + y^^j > / and 
thence for all n G N the inclusion 

U {k<F(- + v^)} 

i6{l,...,m"} 

U </(- + y? , + - 

U {^</(-+»f ) +«f , +-+e i )} 

ii,...,i„_iG{l,...,m} 

U </ +-+y£l)} 

<l,...,i n _i£{l,...,m} 

This means 

E s | as s | oo in / 

and /or all T € [ft,, +00], 

p| E s =E h . 

s£(0,T]nl 

The reason for i? 71 not being the whole space is, as was pointed our earlier, that the measure 
B !— > ^tX-B on the Borel cr-algebra of R has compact support. 

Interpreting <? as defining a logarithmic payoff function (eg g — K — exp, d = 1 in case of 
a vanilla one-dimensional put) and P as a Markov chain that models the stochastic evolution of 
the logarithmic prices of assets in a given portfolio, the set E*, for t £ I, consists of all those 
vectors of logarithmic start prices where the probability of exercising the option at time t is strictly 
positive. 

Remark 6. Assume f is not strictly less than K , say f(z) > K for some z € R d . We can 
use the property of f being monotonely increasing in each component to see, via Remark\^ 



E 



-nh 



D 



D 
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that 



ZE h = {P h {gVO) = P h g} 

= C{3ie{l,...,m} g(- + vl h) )<0} 

m 

= n{«(- so} 



776 

n{/(- 



»=i 



< A" < 



m , 

= f) Vje{l,...,d} (■), < *i- (yf } ) . 
»=i ^ J 

max (y| ) 



Vje{l,...,d} a-<^ 



max (wf'M 
ie{i,...,m} V / 



where the set in the last line has infinite Lebesgue measure. 

Thus, X d [ZE h ~\ = +oo whenever f < K does not hold everywhere. 

Next, we can combine the preceding Corollary (which followed from the proof of Lemma 
OH with Lemmas El and |U to prove the previously mentioned lower bound on the L°°-norm of 

LBt j f — B t f on the complement of the set introduced previously. 

Lemma 6. Let g = K — f. Suppose there is a 70 > 1 (without loss of generality, 70 € (1, e r ]) 
and a 71 > such that 

7i7>ft/>7o7 

for all t S (0, T] f] I (where I = hNo with h > whence it is sufficient that this estimate 
holds for t = h). Assume furthermore that < for some io S {1, . . . , m} and y^ > 
for some i\ G {1, . . . , m}, implying that g > on the set {Pt(g V 0) = Ptg} 7^ 0- Then for 
all ei > there is an Sq < T independent of h < T such that for all t £ 2 • ((0, £0) H /) and 
A D Ci?2 (with positive Lebesgue measure), 



sup 

/>9V0 



(si) 02 /-^/ 



> 



(s | )° 2 ( g V0)-i? f ( ff V0) 



> 



mm J e r 2 if (In 70 — £1) • -, 



as we/Z as 



sup 

/>9V0 



(£f) 02 /-5 f / 



> 



mm a 
ie{i,...,Tn} 



> 



Bt 



o2 



CO 



Li(A) 

{P|( ff V0) = P 45 } 



( 9 V0)-B f ( 3 V0) 
e~ r ^A"(ln7o - £1) 



2 



f£/ie Ze/t /lana" side, following the usual convention, being +00 if X d (p±(g V 0) = P^gX 
+00, m > 1 and £1 < In 70/ 
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Proof. Let us first remark that, due to Corollary we have 



sup 

/>gvo 



B*) f-Btf 



L°°(A) 



BA (gV0)-B t (gV0) 



L°°(A) 



XAe-^P^ X r _„± p , m \ ■ (g - e- r iP h (g V 0) 

2 y |9>e r ?Pt(gV0)j V 



L°°(A) 



as well as 



sup 

/>svo 



LHA) 



B k ) f-B t f 
Bt)' (ffVO)-Bt(flVO) 



L°°(A) 



e^Pt X 



|g>e r 7Pt( g vO) 



j ' (s-^P.(ffVO)) 



(h) 



2h Vl ° 



(8) 



(9) 



^■ e ~ riP i ^{ 9 ^P,( 9 vo)}-(^ e ^n(^0))jj 

for all «o <= |lj ■ • • j j (using the translation invariance of J Rd -X d ). 

Next let us note that by our assumption of y^' < componentwise, combined with the 
north-east connectedness of E s , we have f + E s C E s for any s, hence 

Vse/ ^ l) + Ci? s DCi? s . 

Therefore we may conclude that for all t G 2 • I and £q G |l, . . . , nv^ X 



> 



> 



Vi- | \, i ■ (j-e- r 'P.( 5 V0)) 



| 9 >e r 5P,( 9 V0) 



j-(s-e- r *P|(ffVQ))J 

|-(^^*tovo)))(. + ±«f)) 



mm a 



ie{ l,...,m 5H J 



| 3 >e '2Pt( S V0) 



mm a 

■.£{!, ...,m} 



(h) 



> X 



| 9 >e r §Pt{gV0) 



t 
tE 

}-(«-^v»))x eri )(-4»™) 



mm a 
ie{i,...,m} 



(h) 



( > 0) 



(10) 
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Now, off E s one has due to Lemma 31 (which may be applied thanks to our assumption 
of y£ > 0) and LemmaUHthe following situation: 

X{ s > e -"P s (svo)} ' (g ~ e~ rs P s (g V 0)) 
= X{P a (sV0)=P s g}n{ ff >0} • {g - e~ rs P s (g V 0)) on EE S 

= X{P s (gVO) = P s g}n{g>0} ' (g ~ e ~ TS Psg) Oil £,E S 

= X{P a (gV0)=P a g}n{g>0} ■ (K -] -eT rs K + e- rs P s f) on ZE S 

> X{P,( S vo)=p 3ff }n{ s >o} • {K-f-e- rs K + e~ rs l0 s f) on CE S (11) 

However, one can also perform the calculation 

X {g >o} (K-f- e- rs K + l0 s e- rs f) 
= X { K-/>o}((A'-/)(l-7o s e— )+Ke~" ( 7 o s - 1)) (12) 
> K e- rs (70 s - 1) (13) 

(where we have used the assumption 70 < e r to get from 112t to i!13ll l. Combining estimates 
111 .'it and Jill) , we arrive at 

X{9>e-"P s ( 3 vo)} (5 - eT rs Ps{g V 0)) 

> ife- rs (70 s - 1) on C£ s 

> Ke~ rs (ln 7o -ei)- s onC£ s 

for every s < e for some Eq > dependent on £1 > and finally (using estimate l[To)l. 
min,; , ; ,„, < 1 and T >t) 



XA ■ e r ?Pt x 



I mm a 

1 ie{i,...,m} 



1 V 

(/») 



1 • (g-e-riPtJgVO)) 



■ X 



tym.Ke-'i (ln 70 -s 1 ). t - 



2h 



I mm a 

, iS{l,...,m} 



X CE ^__^„(.h) ■ Ke r i (In 70 - £1) 



for all i G 2 • (In (0,e )) and i G jl,. . . ,m^|. 

This yields - due to the translation-invariance of the Lebesgue measure (which gave us 
estimate (JJJ) - the first line of the Lemma's L 1 norm estimate. It also implies the L°° norm 
estimate of the Lemma since for all s € / (in particular for s = |), 



= A d {P s (gV0)=P s g} 
> Wsf' + T max I .-()}. 



h ie{l,...,m} ' 

(a consequence of the monotonicity of g) , and therefore 



mm a 
;e{i,...,m} 



CO 



mm a 

i£{l,...,m} 



CO 



ife r2 (In 70 - £1) 



□ 
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3 Finer bounds on the first order differences on E' 



ot 



In LemmaElwe have established a lower bound on the L 1 and L°°-norms of ( B±j f—B t f on the 

set Cn t6 /-E' that are linear in t. We will now try and establish ^-estimates for IBi j / — B t f 

on HteiE 1 (which under weak assumptions equals E h ) that are of higher order in t. 

Keeping Corollary [l] in mind and aiming at an L 1 (n te /-E') of Lemma 03 the first step will 
consist in proving 

Lemma 7. Let again g = K — f and suppose there is a 71 > such that 

Ptf<~fif 

for all t S (0, T] n /. Let us define 

D ■= X(o, e -) (7i) inf t / + X(e-,+oo) (71) sup />0. 

Uteto,T]ni E Ute(0,T]r:i Et 

Then there is a constant Co £ 1 given by 

( 1 - e~ rs \ - / 7i s e~ rs - 1 \ 

Co := K \ sup r + D ■ sup In 71 + r 

\se(a,T]ni s J \se(o,T]ni s J 

such that for all s G (0, T] n / and measurable A, 

||X{ fl >e— P a (gV0)} (9 ~ e- TS Ps(g V 0)) || L i (n>e(o T]ni E s nA ) 

< ||x{ 3 > e —p s ( 3 vo)} (9~e- rs P s {gV0))\\ L1(EsnA) 

< \ d [{e rs g > P s (g V 0) > P s g} fl A] • ((In 71 - r) £> + ri*T + C7 ) • s. 

// moreover, there exists an ia G {1, . . . , m} swc/i that for any j G {1, . . . , d}, (vi^j — for 
all j G {1, . . . , d}, then we even have for all measurable A 

||x{ s > e —p a ( 3 vo)} (g-e- rs P s (gV0))\\ L1{EhnA) 

< X d [{e rs g >P s (gV0)> P s g} fl A] ■ ((In 71 -r)D + rK + C )- s. 
Proof. For all s G (0, T] n /, the following estimates hold on E s : 

< X{ ff >e— P S ( S V0)} (g-e- rs P s (gV0)) 

= X{ e ™g>p 3 (gvo)>p s g} {.9 " e~ rs P s (g V 0)) on E s 

< X{e"g>P s (gVO)>P s g} (ff ~ P s g) 

< X{e™g>P s (gV0)>P sff } (5 ~ ^ rS P s g) 

= X{e"g>P s (gVO)>P s g} (K - f - e~ rS K + e~ rS P s f) 

< X {e ™ s >p 3 ( 3 vo)>p sS } (K (1 - e"") + ( 7 i s e— - l) f) 

< X{e^g>P 3 (gVO)>P 3 g} (K (l - e" M ) + (-ft^"" - l) fl) 

< X{e™ g >P s (gV0)>P 3ff } + ( ln 7l - r ) £> ' s + C ■ Sj 

for some real constant C > that can be bounded by 

C <K \ sup 1-6 - r ) + D ■ I sup 71 " e - - 1 - (ln 7l - r) J = C . 
yse(o,T]n/ s y y s e(o,T]n/ s J 

This gives a uniform pointwise estimate for the nonnegative function 
X{e rs g >p s (gvo)} {g ~ e ~ rs Psg) on E s from which the general case of the Lemma's esti- 
mate can be derived immediately. If there exists an iq as stipulated in the Lemma, then by 
Remark 

p| E s = E h 

se(o,T]n/ 

which completes the proof. □ 
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Similarly, one can prove the corresponding estimate for calls with dividends (the dividends 
being assumed to be encoded in the discount rate r and the Markov chain P.): 

Lemma 8. Let this time g = f — K and suppose there is a 70 > such that 

P*/>7o7 

for all t S (0, T] n I. Let us define 

D ■= X(0,er) (7o) Sup / + X(e-,+oo) (To) inf / > 0. 

Ut e( o,r]n/ Et Ute(0,T]ni E 

Then there is a constant C\ G R given by 

( 1 - e~ rs \ - / 7o s e _rs - 1 \ 
C\ := K I sup r + £) • sup In 70 + r 

\se(o,T]ni s J \se(o,T]ni s J 

such that for all s £ (0, T] (1 1 and measurable A, 

||x{ s >e-"P s ( s vo)} (9 ~ e- rs P s (g V 0)) || Ll(n>e(o ^ E s nA) 

< ||x{ s >e—p s ( g vo)} (9-e~ r 'Pa(gV0j)\\ L i (E . nA) 

< \ d [{e rs g > P s (g V 0) > P s g} PI A] ■ ((In 70 - r) D + rK + d) ■ s. 

Lf moreover, there exists an io € {1, . . . , to} smc/i i/iai for any j € {1, . . . , d}, f?/|^J ^ /or 
aZZ j € {1, . . . , g?}, i/ien we even have for all measurable A 

||x{ 3>e -"P s ( s vo)} (9 ~ e~ rs P s (g\/ 0))\\ L1{EhnA) 

< X d [{e rs g >P s (gV0)> P s g} n A] • ((In 70 - r) 5 + rK + d) • s. 

Next one will endeavour to find estimates on the Lebesgue measure of the set 
{e rs g > P s (g V 0) > P s g}nA occurring on the right hand side of the previous Lemmas0and|H| 

Lemma 9. Suppose either 

1. g is monotonely decreasing, eg g = K — f , and 

2. there is an io S {1, . . . , m} such that y^' < componentwise 
or one has 

1. g is monotonely increasing, eg g = f — K , and 

2. there exists an ii G {1, . . . , m} such that y£ > componentwise. 
Then for all measurable A C M. d , 

X d [{e rs g>P s (gV0)> P s g}nA] 
< X d [{P s (g V 0) > P s g > 0} n A] + X d [{P s (g V 0) > 0} n {P s g < 0} n A] 

Proof. We shall establish an upper bound for the set {e rs g > P s (g V 0) > P s g}- Our assump- 
tions entail that 

{ff>0}C {P s (gV0) >0} 
for all s £ (0, T] n /. From this we may, using P s (g V 0) > 0, derive 

{e rs g > P s (g V 0) > P s g} n {P s g < 0} 
C {g > 0} n {P s (g V 0) > P s g} n {P s g < 0} 

c {p s ( g v o) > 0} n {p s9 < 0} n {p s ( g v o) > p s9 } 
= {P s (gV0)>0}n{P s g<0} 



This implies 



{e rs g> P s {g\JQ)> P s g} 
C {P s (g V 0) > P s g > 0} U {{P s {g V 0) > 0} n {P s g < 0}) . 

□ 
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The estimate of the preceding Lemma will become relevant thanks to the following result 
(which in turn is based on the Corollary[l]and Lemma0. 

Lemma 10. Suppose yf 1 " 1 > componentwise for all i S {!,..., m}. Then for all s g 
(0,T]n(2-J) andf>0, 



< 



[B.Y'f-BJ 



{B>Y'f-BJ 



L l B hnnr = T \A-y_ 



.(*) 



L 1 £*nnr=T A-y 



..(*) 



Assume furthermore g = K — f and there exists a real number 71 > such that Phf < 



71 h f. Then for all f > 0, 



< 



(B.y'f-Bj 
(B,y 2 f-Bj 



..(f) 



,.(*) 



< X d [{e rs ' 2 g > P s/2 (g V 0) > P s/2 g) R a] • e~ r * 
•((ln 7l -r)^ + rK + C ) '| 

wii/i Co and D as before. 

Proof. Consider tel. Due to our assumption of ( min^! TO j (y,- ) ) > 

V ' ' v / ,j y d] 

componentwise (which according to the notational convention introduced at the outset, can 
be written min ie { 1 m \ > 0), one has 



mmyl' 

k 



h i 



mm y\ > (J 



Since the set E l is north-east connected, this yields E l — y^ D E* for all k g jl, . . . ,m£ j, 
which in turn - via xe* = X E t_ y W > Xe* for all k € |l, . . . , m£ | 



, m h > - gives 



*Cxw) = E4 t) ^(-+4 i) )/(-+^ ) ) 

fc=i 

rn h 

> E«?W) /(•+»?>) 
fc=i 

= Xi^t/ 

for all / > 0. The same holds of course when replacing / by fxA- Moreover, treating the 
cases of min^ \A (■ + Vk^ = an d m i n fc Xa (■ + Vu) = 1 separately, we also see that 



^mm XA (- + ^ t) )jp t / <P t ( XA f) 

for all / > 0. Summarising these observations, we obtain 

Pt (XE*nAf) = Pt (xb* • XAf) > Xe< ■ Pt (xa/) 

> XEt ■ ( n \ m XA (■ + Vk^jj p tf 



> Xe*X 



n»(A-»w) 



a p tf 
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for all / > 0. Therefore - using in addition the translation-invariance of Pt and X d (which 
makes Pt a map that preserves the L 1 (A d )-norm of nonnegative measurable functions) - we 
deduce that for all measurable / > 0, 



\Ptf\\ 



< 



I -ft (/X-E'Da) || J,i(K<i) 



From this, using Corollary ^ we obtain 



[B,)° 2 f-B s f 



.(*) 



< 



- e 



S>e r 2P.( 5 V0) 



( S -e- r fP f ( S V0)) 



(s-e- rf Pf( S V0)) 



L 1 ( _E5nA) 



This is enough to prove the general part of the Lemma (which holds for arbitrary g) - in the 
situation of g = K — / with at most exponentially increasing 1 1— ► (on {/ > 0}), one can 
take advantage of Lemma to complete the proof of Lemma flOl □ 

In the situation of d — 1, g = K — f and / = exp (vanilla put), Lemma [El can be readily 
combined with Lemma[n]to prove Theorem[T] an estimate on the L 1 (E h )-norm of the difference 

(B|)° 2 / — B s f that is quadratic in s. 

Remark 7. Let the translation-invariant Markov semigroup P be derived from a cubature 
formula for the Gaussian measure with points {z±, . . . , z m } in such a way that a geometric 



Brownian motion with logarithmic drift /i 



q_k_ 

2 



(r > and a G R+ being the 



ke{l,...,d} 

interest rate of the price process and the volatility vector, respectively) shall be approximated, 
that is to say 



Vz e {1, 



i}Vk e {1, . . . , d} k = fi k h + a k h* { Zi ) k . 



Then the assumption that all the j/j be componentwise nonnegative for i G {!,..., to} reads 



miyf' = fj,h + (min (zA ■ a k h^ ) 

1 \ % J ke{i,-.,d} 



> 



and therefore simply means that [ih is componentwise at least as big or 
even bigger than — (mini ( z i) k ' Cfcft 3 J which, needless to say, equals 

( maxi (zi) k ■ a k hfl ) in case of an axis-symmetric cubature formula, eg a cu- 

V / k£{l,...,d} 

bature formula for the normal Gaussian measure. This assumption is tantamount to 
Vk E {1, . . . , d} a k 2 - 2hT% min (z,) fc • a k - 2r < 0, 



which means (because of h,r > and a k > /or all k): 

Vfc€{l,...,i} a* € M + nl ^^^fe) fc -y^ 1 -(nxin i (^) fc ) 2 + 2r ) 

ft-i. 



ft 2 mini (Zi)fc + y ft 1 • (minj (zi) k ) + 2r 
0,min(z;) fe + J (min (zi)fc) + 2r ^ 



17 



for all k £ {1, ...,<!}, entailing that P models a basket of logarithmic 
asset prices whose volatilities are bounded above by the positive number 

h~i fmiiii {zi) k + \J (mini (zi) k ) 2 + ^rh^j . 

Later on, in Example^ we shall present an analogous reasoning under the assumption that 
/i is chosen directly from the condition that e~( r_<5 )' P.f - wherein S denotes the continuous 
dividend yield - be a martingale. 

Now, owing to the pecularity that our investigations are only concerned with discrete 
translation-invariant Markov chains (Pt) teI (Markov chains which are derived from cubature 
formulae, for instance), we can use rather elementary inequalities to find upper bounds on the 
subsets of R d occurring in the estimates of Lemma 

As mentioned previously, we will start with the simple, nevertheless practically important, 
example of a one-dimensional American vanilla put: 

Lemma 11. Suppose d = 1 and f = exp, and let g = K — f. Under these assumptions there 
exists a 71 > such that Ptf — 71 /, and furthermore, one has for all s G I, 



{e rs g> P s (<?V0)> P s g}ClnK 
Proof. The real number 71 is given by the relation 

that is 



1 

h 



»e{i 



max y: , 



a) e y ' 



i=l 



„(h) 



71 = e » 
Next we observe that on the one hand by Remark 



{P s (gW0)> P s g} = {3AG{l,...,m*} g (• + y^) < o} 



r min 9(- + y { k S) ) 

fee { l,...,mh I v ' 



K — max exp 

fce( l,...,mf} 



< 



0) 
■Vk 



< 



K — exp I • + max ^ y k "' | < 
kei i,...,m'S' 1 



In K < • + max y k 
ke( i,...,m J k J 



In K — max y k , +00 
te(i,.,mfl 



In K — — ■ max yf 1 ^ , +00 

h ie{l,...,m} , 



and secondly 
thus 



{g > 0} = {K > exp} = (-00, In X) , 



{e rs g > P s (g V 0) > P s g} C ( In X - £ • max 5 , In K 



In if 



- • max « ,0 ) -s 

Ai iG{l....,m} 
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□ 



In light of Lemma E3 Lemma [H]can now finally be applied to prove the following result: 

Theorem 1. Let g = K — f and suppose d = 1 as well as f = exp. Under these assumptions 
there is a 71 > such that Ptf — 7i*/ for all t G I. Assume, moreover, that y\ h ^ > 
componentwise for all i G {1, ...,m}. Then there is a real constant D such that for all 
s G (0, T] n (2 • I) and for all f>gV0, 



{B,)° 2 f-B s f 



< 



D 2 
Li Ei) - 2 



L 1 (E h ) 

We can compute D explicitly from the constants Co and D of Lemma\^as 

,(h) 



D = (In 71 -r)D + rK + C a 



h 



Proof. It is enough to combine Lemma ITTH for A = M. d with Lemma ITT1 



□ 



4 Bounds on higher order differences 

Now we shall proceed to establish convergence estimates for the sequence (B T . 2 -^f) neN in the 
L x (E h n A)-norm, for all measurable / > </V0 and measurable A C R d . Thus we have to prove 

bounds on the higher order differences {B s . 2 -n)°^ 2 > f — {B s . 2 -m)°( 2 ) /. 

Lemma 12. Suppose d — 1 and f — exp. Under these assumptions there is a 71 such that 
Ptf — 7i*/. Assume, moreover, that yf 1 > componentwise for all i G {1, . . . ,m}. Under 
these assumptions there exists a real number D > (the same as in Theorem^ such that 
for all k G N , s G (0, T] n (2 fc+1 • /) and measurable f > g V 0, one /ias 



(B s . 2 - ( fc+i)) 



,(a*+i) ._ 



f - (B s . 2 - k )< 2 ") f 



L 1 {\ 1 [E h n-]) 



< D ■ s 2 ■ 2- {k+1 \ 



The proof is contrived inductively, the base step being Theorem [T] and the induction step 
being the first part of Lemma E] However, the second and more general part of Lemma fl4l — 
which we will need later on in this paper when we study options on multiple assets - requires the 
following auxiliary result. 

H 

E s = E h by Remark\^ and for all f\ > f > g V and 
\B t fi-B t f Q \ 



Lemma 13. Let t G /, A C R d measurable, and assume also y\ > componentwise for 
alii G {1, ...,m}. Then f] se{0T]nl 
p G {1,+cx)}, 



< 



\fi-M 



E h nf] 



Lv(\ d [E h nAn-}) 



Proof. Consider a measurable set A C E d and measurable functions /o, /1 > 5 V 0. Similarly 
to the proof of Lemma we observe that due to the monotonicity of B t and the fact that 
B t f > 3 V > g for all / > 0, 

{B t f 1= g} = {B t f < Bth = 9} 

= {9 < Btfo < B t ft = 9} 

- {Bth = 9} n [B t fo = .9} 

C {Bth - Btfo = 0}, 



that is 



{Bth ~ Bt/o ^ 0} C {B t / X ^ .9} = {B t /i > .9} 
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Combining this with the monotonicity of Pt as well as the fact that E 1 + y~p C E t for all i 
(which in turn is a consequence of the north-east connectedness of E l - cf Remark El - and 
the assumption that > componentwise for all i), we obtain 

< {B t h - B t f ) X Ehnn ^ A _ y ( k ^ 

= (Btfi - B t f Q )x Ehnn ^ A _ y ^ n{Btfi>g} 

= ^nn h (A-^)n {Bth > g} (e~ rt P t hV 9 -e^ Ptf0 V 9 ) 

= *E*nn h {A- v <?)n{e-r*P t f 1>a} ^ Ttp th ~ e- rt PJo V g) 

< e ~ rt X phnn ( A _,xt)\ (Ptfi -Ptfo) 



= e 

i=l 

t 

e 

i=l 



t 

111 h 

E ^Xe^Ja-vV) { fl (' + ~ /o (' + 

2=1 V J 

t 

m h 

rtSTAt) I rt._t.\ \ (.<_.&) 



X>^ [x(B»mu{A-v?))+v?> (-/Wo)) C + K 

t 



Now, since 



feel i,...,«i7> | 

for all i G |l, . . . , m£ | and /i — /o > 0, this means 

(5 t /i-S t /o)x Bhnnfc ^_„w) 



y| 4) ) (14) 



Combining this pointwise estimate with the translation-invariance of the Lebesgue mea- 
sure yields 

\\ B tfi-B t fo\\ Ll ^ Ehnn ^ A _ y ^ n .^ 

= i^-^^n^iA-y^ 

t 

m h r / \ 

s «-"E<»?7,A x (-«." > )- (A - A) )(' + »' < ' > )' nd 

t 

- ^E^V R A x (^- (/i " /o r Ad 

< ^E^/ (A-/o)^ 
JE h r\A 



i=l 



< / e- rt X ™(/i-/o)rfA 
e~ rt ||/i - /o|| L i( E fcnA) ' 
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where we have used the inclusion E s + y*}p C E s which - owing to the north-east con- 
nectedness of the sets E s and our assumption xairi ie {x,...,m} y^ h > > - holds for arbitrary 

k G |l, . . . , | and s, t S I as well as the assumption fx — fo > 0. Similarly, based on itTHl . 
the translation- invariance and the sub- linearity of the ess sup t d-norm imply for measurable 

/i>/o>5VO 

\\Bth - B tM\ L ao( xd [ E H nnk ( A _ y my.]-) 



ess sup 



(B t fx-B t f )x f 



(*) 



t 

'' SS SU1) --' ' ^Yl^ [X^+y^nA^ 1 ~ 

a i ess sup R d X/' B h +2/ u)^ nA (/i - fo) 
< e~ rt ^2 ess sup Rd [xetu (A - fo)] 



e" 



E 

i=l 

f 

m ?i 

i=l 

t 



CO 

a- y ess sup 



£ 

m7T 



= e rt ^ a,- ess sup £ h nyl (/i - / ) 

= e~ rt ess sup £h nyl (/i - / ) 

where again one has exploited the inclusion E s +y^ C S s that holds for any k € jl, 
and s.t £ L. 



□ 



Lemma El plays a crucial role in the proof of the following Lemma E] which forms a bridge 
between bounds on first order differences that are quadratic in the mesh of I and bounds on 
higher order differences that also are quadratic in the mesh of /. 

Lemma 14. Let T £ L and p £ {1, +oo}. Consider a real number D' > and a measurable 
set C C M. d . Suppose one has an estimate of the kind 

v/ > g v ovs e (2 • I) n (o, r) 

D' , 



{B*) a 'f-B.f 



Lp(\ d [Cn-\) 2 



j4sswme, moreover, > componentwise for all i € {1, . . . , m} (which by Remark^ also 
entails Htefo Tin/ ^* = /■ TTien we </e£ /or measurable f > g V and /or a// fc 6 No, 
s > smc/i i/iat s £ (0, T) n (2 fe+1 • /), i/ie estimate 

(S, 2 -( k + 1 ))° (2fc + 1) /-(i? S .2-) 0(2fc) / 



L?>(A d [Cn-]) 



Furthermore, if one assumes in addition £ ■ i £ {1, ■ • ■ , rn}|, i/ien one /ias a related 

implication for LP f-^ PI Djgji m jj ^4 — yj 3 ^ 
A C K d : J/ under these assumptions the assertion 



instead of LP (C) for all measurable 



v/ > g v ovs e (2 • I) n (o, t) 

o2 



' / - B s f 



D' 



< . s - 

LptE^nnJA-y'^)) ~ 2 
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holds, then the estimate 

V/ > 9 V 

|(5, 2 -, +1) )°( 2fc+1 )/-(S, 2 - fc )° (2fc) / 
< D' ■ s 2 • 2-( fc+1 > 
is also valid for all k E N and s > such that s € (0, T) n (2 k+1 ■ I) . 



Proof. For both parts of the Lemma, we will conduct an induction in k g N , the initial (or 
base) step being tautological each time. We have for all s S (0, T) n (2 k+1 ■ /) and / > g V 
the estimate 



f i b s . 2 . . - / 



^o(B s . 2 - (k+1) y( 2k ) f 



(B s . 2 -(k+. : 

+ ( J B s . 2 - (fc+1) ) ( 2fc )o(S s . 2 - fc )° (2 " 1) / 



(B,2-.H 1 ,)°( 2 ^j (L>_., „ 

,(2») 



o(2*) 



S|. 2 -(fe-i) 

o(2 fc - 1 ) 



,(2 fc - 1 ) 



which plays a crucial part in both the first and the second part of the Lemma. For, we can 
first of all note that the induction hypothesis in the situation of the first part of the Lemma 
reads 

V/ > g V OVi G (2 k ■ I) n (0, T) 
(S t .2-,)< 2fc )/-( J B t . 2 - ( ,- I) )°( 2 ' 5 " 1 )/ 

2>(C) 

< D'-t 2 -2- k . (15) 



And if one now applies this induction hypothesis l(T5|l for t = | (recalling that by assumption 
s € 2 fc+1 • 7, thus | € 2 fc • 7) to the previous two equations and uses LemmaEO then one gets 
by the triangle inequality for the LP (C)-norm, 



< 



(S,2-( fc + 1 )) O(2 " + 1) /-(S S .2-0 O2K / 

(a*) 



LP(C) 



Bi 



(Sj.a-c*-!)) 



(% 2 -*) } - (b.. 2 -c*-i>)°^ M o (B s . 2 - 



- B 



5». 2 -(fc-l) 



< 



- Bs 



o(2 k - 1 ) 
o(2») 
o(2 fe - 1 ) 
o(2 fc - 1 ) 



(2 fc -!) 



Lp(C) 
/ 



Lp(C) 



.2-(*-i> 



Lp(C) 



< £>' ■ — ■ 2- k + D' ■ — ■ 2- k = D' -s 2 • 2-( fc+1 ). 
~ 4 4 

In order to be entitled to apply Lemma m this situation we have successively used the 
fact that 

Vt G /W > g V B t l>gV 0. 
This completes the induction step for the first part of the Lemma. 
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Turning to the proof of the second assertion in the Lemma (where in addition to 



,(h) 



minjgj! ,...,d} Hi ' > 0, £ ■ i € {1, . . . , j is assumed), we remark that 

In t — In h 



Vt e /Vfc < 



A(t) :- 



In 2 

n (^ (t) ) 



ie-^ l,...,m7T 



= A 



n 



r i. 2- fc_1 1 

ii,...,i 2 fcG| l,...,mh ' | 



^-itt fL 



(16) 
(17) 



In particular, if S : i S {1, . . . , -A(s) is decreasing in s: 

Vs, t e J (s < t =*> A(s) D A(t)) . 
Similarly to proof of the first part of the present Lemma, we deduce 

(B s . 2 - (k+1) )°i 2h+1 ) f - (B s . 2 - k )° 2k f 
{B s . 2 -(k+i))°( 2 ^ / - {B s .2-k)° 2 f 



< 



LP(E h nA(s)) 



< 



+ 



< 



(2*) 



£*(.E*nA(a)) 



(2 fc - x ) 



o(2 fc ) /Vr, \°( 2,t ) 



- LBa. 2 -(*-l) 
o(2 fc - 1 ) 



(B s . 2 _ (fc+1) )°V^o 2?. 



- B 



(2 fc - x ) 



.2-( fc -!) 



/ 

Lp(E h nA(2 k + 1 § )) 

(18) 

OA(a)) 

/ 

LP(£ h nA(s)) 



from the triangle inequality. But by a successive application of Lemma 1131 combined with 
the properties ijTTI) of A(-), we have for all fx > fo > 9 V 0, 



< 



(B..2-C» + i))° (2fc) o(/l-/o) 

(B s .2-(^))° (2fe) °(/i-/o) 

(B,2-(* +1 ))° (2fe) °(/l-/0) 



LP(E h nA(s)) 

lp I E h nf\ 



eei i,..., m 2h 



(i) 



|l,...,m2fc+lh| 



< 



< 



e|i,...,m2 B + T h J 



i^+r) a/ (prr) 

(iirr) „(ifcTT) N 



< ll/i - /o|| L p(B'.nA(f)) 



(19) 
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In light of the inclusion A(s) C A (|J, we finally obtain from combining estimates l|18|l 
and JTJJ| 



< 



(S s . 2 - ( , +1 ))°( 2,!+1 )/-(S s . 2 - fc ) o2fc / 



Lp(s h nA(s)) 



< 



-Bi.2-CJ.-i) 

K 



( 2 ») 



Lp(s h nA(f )) 



. 2 -(J=-i) 



(s f . 2 -) 




Lp(Bh|-|A(f )) 



< £)'• — • 2- fe + £>' • — • 2- fc = D' -s 2 - 2^ k+1 \ 
4 4 

where in the last line we have taken advantage of the induction hypothesis 

Vfc g N V/ > g V (M G (2 fe ■ 7) n (0, T) 

<D' -t 2 ■ 2~ k 

for the special case < = § 



(2*t) 



□ 



The assumption of G {y^, • • • , 2/m^| C K d while min ie { lr .. m j y-' 1 ' > componentwise 
corresponds, in the application that we have in mind, to the volatility attaining a certain critical 
value: 

Example 1. As already hinted at when stating Remark^ one could think of P. as a discreti- 
sation of, say, the one- dimensional Black-Scholes model with constant discount rate r and 
volatility a, constructed via Gaussian cubature. Consider a cubature formula of a certain de- 

gree for the one- dimensional normal Gaussian measure vq.i — e with cubature points 

z\ , . . . , z m and weights 
new Markov chain via 



Zi,...,z m and weights a^ l \ . . . , a™ (this entails min, Zj < 0) which will then give rise to a 



Vi G {1, ...,m} Hi — fih + Ziuh 2 

where [i is chosen such that the translation-invariant Markov chain with increments 
y[ h \ . . . , ?/m and weights , . . . , defines a process whose exponential becomes, after 
discounting inflation at rate r and a continuous dividend yield at rate S > 0, a martingale: 



(i =r 



\i=l 



r — S — — I ah 2 min Zj + In ( 



Q ,(' l ) e (zi-min j Zj)<jh2 



Then one will have 



(h) 
mm y- 

j J 



(r-S)h-ln(J2 



a- 'e 



( 



(r -S)h- In 



EM 
a\ 'exp 



ah 2 



Zi — mm z. 



>o 
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which may become zero and even positive if ah 2 is sufficiently small - for, 5 < r will hold to 
exclude risk-less arbitrage opportunities. (If simply {21,23} = {±1}, then this was a discrete 
model for a logarithmic asset price evolution that converges weakly to the Black-Scholes model 
with volatility a, dividend yield 5 and discount rate r as h J, 0.) An analogous remark can be 
made for higher dimensions: A non-ruinous dividend yield combined with a relatively small 
volatility for all assets in the baskets will make miiij vanish or even rise above nought 
componentwise. 

With the first half of Lemma El we have completed the proof of Lemma El We shall now 
apply this result to finally get to a convergence bound for (B T . 2 -« (g V 0)) n - which can be 
conceived of as a sequence of non-perpetual Bermudan option prices when successively halving 
the exercise mesh size. 

Lemma 15. Let p G [l,+oo]. Consider a real constant D > as well as a measurable set 
C and a set E of nonnegative measurable functions, and suppose one has an estimate of the 
kind 



Vfc e N V/ e EVs e (2 fe+1 • I) n (0, T) 



,(2*+i) ,_ 



/ - (s s . 2 -,) o(2fe) / 



Lp(\ d [cn-]) 

Then for all N > M G N, s G (0, T) n (2 N ■ I) and f G E, the estimate 



< D-s 2 -2-( k+1 \ 



< D-s 2 -2- M 



LP(C) 



(l - 2~(- N - M - l ) S j 



D-s 2 - 2~ M 



holds. 

Proof. With M, N, s, f as in the statement of the Lemma, we obtain by the triangle inequality 

Lp(C) 





\(B S .2~ 






N-1 






E( 

k=M 


(B s 


N-1 




< 


E ( 


(B s 


k=M 




N-1 




< H D 

k=M 


■s 2 



((5, 2 -( fc+1 ») 0(2fc+1) /-(s, 2 -r (2fc) /) 



2 -, +1 ,)°^ +1 )/-(B, 2 - fc )°( 2fc )/ 



-k-l 



9 N-l-M 

D-i- E 

k=0 



2~ k 2- 



D 2 

2 



1 _ 2 -(N-M-l) 

~ M = < D 2 

1-2- 1 - 2 



-M 



— M 



Lp(C) 



Lp(C) 



2. 



Thus, if we combine this last Lemma EJwith LemmaElwe arrive at 



□ 



Theorem 2. Suppose, as before, d — 1 and f — exp, as well as g = K — f . Under these 
assumptions there is a 71 such that Ptf — 71*/ for every t G I, and let us suppose this 
71 G (0, e r ]. Assume furthermore > componentwise for all i G {1,... , m}. Tften i/iere 
exists a real number D > smc/i i/iai /or all N > M G N, s £ (0, T] n (2^ • /) and monotonely 
decreasing f > g V 0, one /ias 



(^s- 2 -«) 



>(2 N ) f_ 



< D-s 2 -2 



D-s 2 -2 



-M 



-M 



f - {B s .2-M 
I _ 2 -(iV-M-l)^ 



(2«) 



L^{E h ) 
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D is the constant of Theorem^ 



D = ( (In 71 - r) D + rK + C 



maxi y. 



Co 



5 Application to American max-put options 

Analogously, we shall finally proceed to prove convergence of quadratic order in s for / = 
Ylj=i w j ex P wnere wi,---,Wd is a convex combination (the weights for a weighted 

average of the components/assets in a d-dimensional basket), as well as for the choices 

/ = mm je{i,...,d} ex P ((')j') ar) d / = max je{i,...,d} ex P ((')j)- However, this time, we shall 
employ different norms: L 1 (\ d [E h flAfl ■]) for a compact subset A C M. d such that 



A" 



n 



sG(0,T]n/ 



E s n A 



e (o,+oo) 



The first part of this endeavour will be to prove the applicability of Lemma 
Lemma 16. // / = maxj e ^ ,... l( n exp ((-)j), then 

Psf<ll S f 

where 



/ 



7i 



E 

i=i 



a,- max e v 
ie{i,...,d} 



V 



Proof. We have for all s € / the estimate 

m h 

pJ = E^ s) /(-+y| s) ) 



! = 1 



EM 
a; max exp 
je{i,..,d} 



< 



M y ' 

a; max e v 
£e{i,...,d} 



E 

i=l 
m ~h 

E^ (s) 



max exp 

]£{!,.. .A} 



max e 
^e{i,...,d} 



t max exp 

3 



((■>») 



>0 



in particular the estimate holds for s = h. But this is to say 

Phi < 7i V" 

hence we have established the estimate in the Lemma for s = h. This readily suffices to prove 
the Lemma's assertion, as (P s ) sl£l is a Markov semigroup and by applying the Chapman- 
Komogorov equation inductively, 

Vn E N P nh f = P h ---P h f< 71" • • • 7i" / = H hn f- 



□ 

Analogously, one can easily prove the existence of such a 71 > as required by Lemma0for 

/ = J2j=i w j ex P i(')j) f° r a convex combination W\, . . . ,Wd and / = min je {x,...,d} ex P ((')i)- 



26 



We next turn our attention to deriving upper bounds for the measures of the sets in the 
estimates of Lemma 0for the said example of f — max J - g r 1) exp ((•)•;). We continue to use 
the notation I = JiNq and 



i=l 



/(•+% W ). 



where {P s ) seI = (P n h) neTio = I Ph ; ■ ■ Ph 

Lemma 17. If f = maxjg.n ... i( n exp ((-)j)> then for all s € I 
{Vie{l,...,m*} g(- + y^) < o} 



is the Markov chain generated by Ph 




In if 



- max [yl ) , 

h ie{i,...,m} V * / j 




as well as 



{Vte{l,...,m*} ff(- + »i' } )>0} 

1} v y ; 



-00, In if — — max 
a ie{i,...,r 



Proo/. Let s6/, Then 

{V*6{l,...,m} 5(- + yi s) ) <0} 

(•+% W ) 



c 



max o ( • 

ie{ l,...,ml 1 



< 



if — min max exp I ( ■ + Hi ) I < 

i e {i,...,mfp{w} vv - 

if — max max exp [ ( • + vl^] ) < > 
ie{i,..., m fp{W} V V - /j7 " J 

if — max max exp [ ( • + vl^ I I < > 

i6{ 1 -».*ig{l,...,m*} V V ' ' / " J 



if— max exp I (•)■ + max (y^ ) j < 



In if < max (• ) ■ + max ( y\ 

.>■ : ; «: 1 ' ^ 



= M < In if — max 

j— 1 I ie|l,...,m7T 

= U 

3=1 1 



S 

h ie{i 



i£i l,...,m h 



m» (»<">). <(•),}. 

...,m} V J 3 I 
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and also 



{Vie{l,...,m} g(- + 2/, (s) ) >o} 



mm g 

ie{ l,...,mi 



> 



if — max max exp I ( ■ + Vi) 

ie {l,...,m*}je{l>-'<i} " V x ' 



if — max 

je{i,...,d} l6 



max exp ( ( • + Hi) 



> 



> 



je{i,...,d} 



ie{ l....,m7T 



if — max exp I (■) ■ + max ( ) ) > 



if > exp I max I (■),■ + max (vi I 
- j£{i,. ..,d} \ ie {i,... <m i} V - A 



lnif > max (•)» + 

je{i,..,rf} \ J ie 



max (yj s) ) 



< In if — ma: 

j=l I ie{i,...,m*} 



.7 = 1 



x • ■ ■ x K x ( In if — ^ max ) 

,...,m} V /j 



s 

h i£{T, 



Corollary 2. If f — rnaXj g .n _ j( n exp ((-)j), tfien /or a// s G I, 
{P s (<?V0) > P s5 } 

- u 

Proof. Let s G i. We simply remark that 

{P s ( 5 V0)>P s5 } 

= {atG{i,...,m*} <?(- + y| s) ) <o} 

= C{vie{l,...,m*} 5 (-+2/, (i) ) >0} 

and apply Lemma 1171 




□ 



□ 



These estimates lead to the following Corollary that will enable us - under the assumption 
of > for all i G {1, . . . , m} and G {yi{h) : i G {1, . . . , m}} (in order to be entitled to 
apply eg Lemma fl4jl - to prove an L 1 -convergence estimate (on a particular subset of M. d ) for 

CB T . 2 -n/) neN for any measurable / > g V 0. 

Corollary 3. Suppose f — maXj- e /x ex P ((')i) consider any compact set B C K d . 
T/ien there is some R > s«c/« i/iai P< — (lnif)^ =1 C [-R, R] d ■ What is more, 

X d [{e rs g> P s (gV0)> P s g}nB] 



< s 



R d -^y( max (y^) 

i=i 



V0 
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for all s £ I. 

Proof. Let s £ I. Since 

{e rs g > P s (g V 0) > P s g} C {P s ( 3 V 0) > P s3 } n {g > 0} 
by the monotonicity of P s , we only have to observe that 



{.9 > 0} 



K > max exp ((•)/ 



= f]{K> exp ((■),)} 

3=1 



( — oo, lni-T) 



3=1 



to arrive - after taking advantage of the preceding Corollary El - at 



{e rs g> P s (gV0)> P s g} 

( (— oo, hxK) x • • • x (— oo, \nK) 



C 



u 

3=1 



3-1 



^lnif- f max ie{1 ,... >ro} (y^^lnK 
x (— oo, InK) x • ■ • x (— oo, In Jf ) 



d-j 



M K <0 x • • • x M <0 x f-i max (yf >) , I 

3 = 1 V 3-1 



S X K <0 X 



^<0 



d-3 



+(lnK)f =1 . 



However, R > has been chosen such that — {kiK) d =1 C [— i?, _R] d . Thus 



1 

x [ — — max 

h ie{i,...,» 



v 7 3 



S X 



p<2-3 



{e rs 5 > P s (. 9 V0) > P s g}nB 

3=1 V 

+ (lnX) J t 1 , 

and from this inclusion we may deduce the estimate given in the Lemma. □ 

The inequality we have just derived implies that the 

x d [E h nC\i (s-j/i fl) ) n-]-voiu me of the set occurring in Lemma is of order s for 

any compact B and for / = max^-g^ ,...,<*} exp((-)j). Hence again by Lemma (which is 
applicable because of Lemma ITHjl we obtain that the difference B s / 2 f — B s f is of order s 2 

(this time, however in the L 1 (^E h n f] e \ B — y^^-norm). This estimate on the norm of 

Bs/zf — B s f leads, via Lemmas ED and E] to the result that the analogon of the difference in 
Theorem |2 is of order s 2 ■ 2~ M , too: 

Theorem 3. Suppose f = max je { l i£ /} exp ((•),,■) and consider a compact set B such 
that B - (\nK) d =1 C [-R,R] d . Assume that > for all i G {l,...,m} and 

G {,//" : i G {1, . . . ,m}|. tender tfiese assumptions there exists a real number D > 0, 
given by 



D = ((In 7i - r) D + rK + Cq) ■ R 



4-1 



Ed 
3=1 



(if). 



vo 
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( with Cq and D as defined in Lemma\^ and the 71 of Lemma Tfflty such that for all N > M € N, 

s e (0, T) n (2 N -I) and / > 5 V 0, one has 



{B s . 2 -n)< 2N ) f -(B s . 2 - 
< D-s 2 -2- M 



i( 2 M ) 



ii(B"nn 4 (B-!/l 8) )) 



< D-s 2 -2- M 



(l - 2-( N ~ M -V 
— ► as M — ► o 



Remark 8. Suppose one is looking at a market model where mm^^ m \ yf 1 ^ is still positive. 
Then one has 



VxeR d (S s . 2 -») o(2N) (gV0)(x) < (b q 2 _ n )° (2 \gV0)(x) 



(20) 



when taking Q to be the translation-invariant Markov chain with increments y\ 



CO 



(h) 

mmie{i,...,m} vl V 



(h) . (h) , , , (h) 

, ym -mm^^...^} y\ and weights a\ , 



dm ( that is the Markov- 
chain obtained from P by simply shifting the increments in the componentwise negative di- 
rection — min ie { lj ... iTn } J/,- J respectively, and defining the operator family {B®) teI from the 

semigroup Q via Bf : f \— > e~ rt Q t f V g for all t ^ I (viz. just as the family B was defined 
from the semigroup P). Note that just as in the proof of Remark^ one can use deduce upper 
bounds on the increments of P n h from the regularity of the increments of Pu (denoted by 
£ij • • • j£m in Remark^ and this reasoning is applicable to the Markov chain Q whenever it 
is applicable to P. Also note that the upper bound in estimate 12011 is sharp in the sense that 
the right hand side approaches the value of the left hand side as mm^^ m \ y^' approaches 



Remark 9. This ^-convergence result has some practical interest, as in practice quite fre- 
quently the exact start price of the (multiple) asset on which an option is issued, is unknown. 
Instead, one will have the logarithmic start price vector x S R d a short time S > before the 

p x 

actual option contract becomes valid. Now, assuming that Pjk has a continuous density 
this function -^£- will be bounded on E h D ( B — y ( s J by some constant 



C 



sup 



1*1 



< +00. 



B"nn f (s- a < s) ) 

One will therefore have for all f > g V 0, s e (0, T] n / and N > M e N, 



< 



(5, 2 -»)« / - (S, 2 -m)°( 2M ) / 
x 5 e E h n n* (b - y ( £ s) 



c ■ 



{B S . 2 - N )< 2N ) f-{B s . 2 - M )< 2M ) f 



?x 5 [E h ^r\ t {B-y { e 3) )n]) 
LUxAE'^jB-y^n- 



: C ■ D ■ s 2 ■ 2 



-M 
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